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Abstract 



In this paper, we establish a theorem on the existence of the solutions of the 
exterior Dirichlet problem for Hessian equations with prescribed asymptotic be- 
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1 Introduction 



havior at infinity. This extends a result of Caffarelli and Li in Q for the Monge- 
Ampere equation to Hessian equations. 



In this paper, we consider the solvability of the Dirichlet problem for Hessian equations 

cr k (A(D 2 u)) = 1 (1.1) 

\Q . on exterior domains R" \D, where D is a bounded open set in W,n > 3, A(D u) denotes 

the eigenvalues X\, ■ ■ ■ , A n of the Hessian matrix of u. Here 

(N 

o-k(A) = ^ A h ■ ■ ■ A k 

\<h<—<ik<n 

is the k-th elementary symmetric function of n variations, k = 1, •• • ,n. Note that 
the case k = 1 corresponds to the Poisson's equation, which is a linear equation. 
There have been extensive literatures on the exterior Dirichlet problem for linear el- 
liptic equations of second order, see [fP9l and the references therein. For 2 < k < n, 
the Hessian equation (11.11) is an important class of fully nonlinear elliptic equations. 
Especially, for k = n, we have the Monge- Ampere equation det(D 2 u) = 1 . 

For the Monge-Ampere equation, a classical theorem of Jorgens (" IfTTTO . Calabi 
(10), and Pogorelov ( Il20ll ) states that any classical convex solution of det(Z) 2 w) = 1 
in R" must be a quadratic polynomial. A simpler and more analytic proof, along the 
lines of affine geometry, was later given by Cheng and Yau flU. Caffarelli [1] extended 
the result for classical solutions to viscosity solutions. Another proof of this theorem 
was given by Jost and Yin in ffT8ll . Trudinger and Wang [|24| proved that if Q is an 



*School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics and 
Complex Systems, Ministry of Education, Beijing 100875, China. Email: jgbao@bnu.edu.cn; 
hgli@bnu.edu.cn. 

'Department of Mathematics, Rutgers University, 110 Frelinghuysen Rd, Piscataway, NJ 08854, 
USA. Email: yyli@math.rutgers.edu. 



1 



open convex subset of R" and u is a convex C 2 solution of det(Z) 2 w) = 1 in Q with 
lirn^n u(x) = oo, then Q = R" and u is quadratic. 

Caffarelli and the third author |[3l extended the Jorgens-Calabi-Pogorelov theorem 
to exterior domains. They proved that if u is a convex viscosity solution of det(D 2 u) = 
1 outside a bounded subset of W, n > 3, then there exist a xn real symmetric positive 
definite matrix A, a vector £ e R M , and a constant eel such that 



lim sup | \x\ n 2 

W- 



//(.v) - | -x T Ax + b ■ x + c 



< oo. (1.2) 



With this prescribed asymptotic behavior at infinity, an existence result for the exterior 
Dirichlet problem for the Monge-Ampere equation in R", n > 3, was also established 
in 0. In this paper, we will extend the existence theorem to the Dirichlet problem for 
Hessian equations (11.11) with 2<k<n-\on exterior domains, with an appropri- 
ate asymptotic behavior at infinity. In dimension two, similar problems were studied 
by Ferrer, Martinez and Milan in |[T2"1 [T3l using complex variable method. See also 
Delanoe ED. 

We remark that for the case that A = c*I, where 



(n-k)\kV 



I is the nx n identity matrix and 1 < k < n, the exterior Dirichlet problem of Hessian 
equation (11.11) has been investigated in (UEEIl. For interior domains, there have been 
many well known results on the solvability of Hessian equations. For instance, Caf- 
farelli, Nirenberg and Spruck [4] established the classical solvability of the Dirichlet 
problem, Trudinger [23] proved the existence and uniqueness of weak solutions, and 
Urbas [|25l demonstrated the existence of viscosity solutions. Jian |[T6l studied the 
Hessian equations with infinite Dirichlet boundary value conditions. 

For readers' convenience, we recall the definition of viscosity solutions to Hessian 
equations (see B2ll23l and the references therein). We say that a function u e C 2 (R" \ 
D) is admissible (or ^-convex) if A(D 2 u) e in R" \ D, where r* is the connected 
component of {A e R" | cr^A) > 0} containing 

r + = {A e R" \Ai > 0,i= ,n}. 

It is well known that is a convex symmetric cone with vertex at the origin. Moreover, 

T k = {A e R" | o-j(A) > 0, for all j = 1, • • • , k}. 

See[|4l|22l. Clearly^ c Yjfork > ^andTj is the half space {A 6 R" \A^+ — \-A n > 0}, 
while r„ = T + . We use the following definitions, which can be found in f2A\. 

Let Q. c R", we use USC(f2) and LSC(Q) to denote respectively the set of upper 
and lower semicontinuous real valued functions on Q.. 

Definition 1.1. A function u e USC(R' ! \ D) is said to be a viscosity subsolution of 
equation (11.11) in R" \ D (or say that u satisfies cr k (A(D 2 u)) > 1 in R" \ D in the viscosity 
sense), if for any function if/ e C 2 (R" \ D) and point x eW \ D satisfying 

tf/(x) = u{x) and if/ > u on R" \ D, 
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we have 

o- k (A(D 2 if,(m)>l. 

A function u e LSC(R" \ D) is said to be a viscosity supersolution of (11.11) in R" \ D (or 
say that u satisfies cr k (A(D 2 u)) < 1 in R' 1 \ D in the viscosity sense), if for any ^-convex 
function if/ e C 2 (R" \ D) and point x e R" \ D satisfying 

tff(x) = u(x) and < u on R" \ D, 

we have 

o- k {X{D 2 il/{x))) < 1. 

A function u e C°(R" \ D) is said to be a viscosity solution of (11.11) . if it is both a 
viscosity subsolution and supersolution of (|l.ll) . 

It is well known that a function u e C 2 (R" \ D) is a viscosity solution (respectively, 
subsolution, supersolution) of (11.11) if and only if it is a ^-convex classical solution 
(respectively, subsolution, supersolution). 

Definition 1.2. Let cp e C { \dD). A function u e USC(R" \ D) (u e LSC(R" \ D)) is 
said to be a viscosity subsolution (supersolution) of the Dirichlet problem 

(<r k (A(D 2 u)) = 1, inR"\A 
1 w = <£, on 5D, 

if m is a viscosity subsolution (supersolution) of (|l.ll) in R" \ D and w < (>) (p on 
A function u e C°(R' ! \ D) is said to be a viscosity solution of (11.31) if it is both a 
subsolution and a supersolution. 

Let 

!R k = |a I A is a real nx/i symmetric positive definite matrix, with o- k (A(A)) = lj . 
Our main result is 

Theorem 1.1. Let D be a smooth, bounded, strictly convex open subset ofW, n > 3, 
and let ip e C 2 (dD). Then for any given b e W and any given A e 3K k with 2 < k < n, 
there exists some constant c*, depending only on n, b,A, D and IMIc 2 (3Z)> such that for 
every c > c* there exists a unique viscosity solution u e C°(R' 1 \ D) of (11.31 ) and 



limsup| \x 

\x\— >oo 



i0(h-2) 



it(x) - ( -x T Ax + b ■ x + c 



< oo, (1.4) 



where Q € [fzfj l] is a constant depending only on n, k, and A. 

Remark 1.1. For the two cases (i) k = n, the Monge- Ampere equations with any A e 
Sl n ; and (ii) 2 < k < n - 1, (TL4l) with A = c*/ e Theorem O has been proved 
by Caffarelli-Li [|3l and Dai-Bao [fTOl , respectively, where 0=1. Moreover, for the 
symmetric case A = c*I, Wang-Bao [26] have proved that for 2 < k < n, there exists a 



c(k, n) such that there is no classical radial solution of (|1.3I) and (11.41) if c < c(fc, n). 
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Recall that any real symmetric matrix A has an eigen-decomposition A = T AO 
where O is an orthogonal matrix, and A is a diagonal matrix. That is, A may be 
regarded as a real diagonal matrix A that has been re-expressed in some new coordinate 
system, and the eigenvalues A(A) = /1(A). Let 

y = Ox, and v(y) = u(0~ l y), 

then ( [Ob and ([Ob become 

o- k (A(D z y v)) = 1, inR*\D, 
v = </?(0 _1 )O> on 

and 

limsup [|0~ 1 y| flCn-2) 

|y|-»oo \ 

where D is transformed from D under v = Ox. So, without loss of generality, we 
always assume that A is diagonal in this paper. 

If A is diagonal and A e {R n , then cr n (A(A)) = 1, and we can find a diagonal matrix 
Q with det Q = 1 such that QAQ = I e Jl n . Clearly, A(I) is not necessarily the same as 
/1(A), but under transformation y = Qx, we still have 

det( D 2 x u) = det( QD 2 uQ] = det( D 2 y u) . 

Therefore, when the Monge- Ampere equation is considered, Caffarelli and Li can 
assume without loss of generality that A = I. However, when 2 < k < n - \, if A 
is diagonal and A e Jl^, (Tk(A(A)) = 1, although we can also find a diagonal matrix 
Q such that QAQ = c*I e Jl k , it is clear that A(A) ± A(c*l) unless A = c*I, and for 
Hessian operator 

o- k (A(QD 2 y uQ)) * cr k (A(Q))cr k (A(D 2 ,u))cr k (A(Q)). 

So, in order to prove Theorem ll.li we are only allowed to assume that A is diagonal, 
but we can not further assume that A = c*I. 

Definition 1.3. For a diagonal matrix A = diag(ai , a 2 , ■ ■ ■ , a n ), we call u a generalized 
symmetric function with respect to A, if u is a function of 

1 T 1 2 

S = -X AX = - > QiXi . 

1 1 1=1 

If u is a generalized symmetric function with respect to A and u is a solution (re- 
spectively, subsolution, supersolution) of the Hessian equation (|l.ll) . then we call u a 
generalized symmetric solution (respectively, subsolution, supersolution) of (|l.ll) . 

In this paper we often abuse notations slightly by writing u(x) = u(^x T Ax) for a 
generalized symmetric function with respect to A. Clearly, for diagonal matrix A = 
diag(a l5 a 2 , • ■ • , a n ) e Jl k , and real constants fx u fj, 2 , with fj[ = 1, 

1 - 

a)(s) = His +H2, s = - V ciix] (1.5) 



v(y) - I ]ry T Ay + bO 1 • y + c 



< oo, 
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satisfies the Hessian equation (11.11) and a>"(s) = 0. 

First, we will derive a formula of cr k (A(M)) for matrices M of the form 

M = (p i 6 ij -j3q i q j ) , (1.6) 

V /nXn 

where p = (pi,p 2 ,-- • ,p„), q = iqi,q 2 ,-' • ,q n ) and/3 6 R. 

Proposition 1.2. If M is a n x n matrix of the form (11.61) for p = (pi, p 2 , ■ ■ ■ , p„), 
q = (#1, q 2 , ■ ■ ■ , q„) and jSgR, then we have 

n 

o- k (A(M)) = cr k (p) -pYjtfiVk-xM* d- 7 ) 



where o- k -i ; i(p) = a- k -i(p)\ Pi=0 . 

For any A = diag(ai , a 2 , ■ ■ ■ , a n ), suppose co e C 2 (R") is a generalized symmetric 
function with respect to A, that is, 



to(x) = U) 

then 



V i=l 



Djco(x) = to'(s)aiXi, 
Djjco(x) = co'(s)aj6ij + co"(s)(aiXi)(ajXj). 
We have the following lemma. 

Lemma 1.3. For any A = diag(ai,a 2 , ■ 1 ■ if(o 6 C 2 (R") is a generalized symmet- 
ric function with respect to A, then, with a = (a,\,a 2 , • • • , a n ), 



o- k (A(D 2 oj)) = cr k (a){oo') k + co"{co') k ~ l }] <^i;i(a)(«/*/) 2 - (1.8) 



,'\k , . ,///. ,'\k-l 

If A = c"7, 2 < k < n, then there exist a family of radially symmetric functions 



(l +at~%ydt, a > 0, 5 > 0, 

satisfying 

cr*(A(DV)) = 1, inR"\{0}. 

Such radially symmetric solutions play an important role to the solvability of the ex- 
terior Dirichlet problems studied by Caffarelli-Li [3] and by Dai-Bao IfTOl . However, 
for any given A e Jl k with 2 < k < n - 1, it is not enough to prove Theorem [Tj] only 
using these radially symmetric functions. Due to the invariance of (11.11) for k = n, 
the Monge-Ampere equation, under affine transformations, oo n (jX T Ax) is a solution of 
(11.11) in R" \ {0} for A e ${ n . So the Monge-Ampere equation has generalized symmet- 
ric solutions with respect to A for every A e 3K n . A natural question is that whether 
(11.11) with 2 < k < n - 1 has generalized symmetric solutions with respect to A for 
every A e J{ k besides those of the form (11.5b . 
For this, we have 



5 



Proposition 1.4. For A = diag(ai , (Xi, • • • , (X n ) e Ji k , 1 < k < n, and < a < f3 < oo, 

if there exists an co e C 2 (a,fi) with co" £ in (a,/3), such that co(x) = co(j YH=i a irf) 
is a generalized symmetric solution of the Hessian equation (11.11) in {x e W \ a < 

\ 2"=i a iA < PI then 

k = n or a,\ = a-i = ■ ■ ■ = a n = c*, 
where c* = (C„)~ l/k , C k n = (n ^y k[ , and vice versa. 

This means that for A = diag(ai,a 2 , • • • ,a„) e M^, 2 < k < n - 1, co{^x T Ax) is in 
general not a solution of (11.11) . 

To prove Theorem [TTT] for 2<£<n-l, it suffices to obtain enough subsolutions 
with appropriate properties. We construct such subsolutions which are generalized 
symmetric functions with respect to A. This is the main new ingredient in our proof of 
the theorem. 

This paper is set out as follows. In the next section we construct a family of gener- 
alized symmetric smooth ^-convex subsolutions of (11.11) in R" \ {0}. In Section [31 we 
prove Theorem ll.ll using Perron's method. 

2 Generalized symmetric solutions and subsolutions 

In this section, we first derive formula (11.71) and ( 11.81) , then prove Proposition 1 1.41 and 
finally construct a family of generalized symmetric smooth ^-convex subsolutions of 

CCD. 

For A = diag(ai, a 2 • • • , a n ), we denote A{A) = (a\, a 2 ■ ■ ■ , a n ) := a. If A e ?R k , then 
we have a; > (i = 1,2, • • • ,n) and cr^a) = 1. Here we introduce some notations. For 
any fixed Muple {ii, • • ■ , i t ], 1 < t < n - fc, we define 

o-kUv~i,( a ) = cr k (a)\ ai[= ... =ai - , 

that is, crtji-i, is the k-th order elementary symmetric function of the n - t variables 
at | i e {1,2, • • • ,n) \ {i\,i2, • ' • , h)}- The following properties of the functions cr k will 
be used in this paper: 

cr k (a) = o- k -i{a) + aicr k - ui (a), i = 1, 2, • • • ,n, (2.1) 

and 

2^ aiO-k-i-M) = ko- k (a). (2.2) 

i=l 

Now we prove Proposition 1 1.21 to derive a formula of cr/.(/l(M)) for matrices M of 
the form (fL6l) . 

Proof of ' Proposition U .21 If J3 = 0, (11.71) is obvious. If /3 + 0, we work with 

Therefore we only need to prove Proposition 11.21 for = 1, which we assume in the 
rest of the proof. 
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Denote 



D„({puP2,--- ,Pn}\{quqi,--- ,q„Y,A) ■= det(AI-M). 
By direct computations, we have 

D n ({pi,p 2 ,- ■ ■ ,PnYAqi,q2,--- ,q n Y,A) 



(2.3) 



- pi + q\ 




q\qi 




q\qn-\ 




q x q 


qiqx 


A 


-p 2 + q 2 2 •• 




<?2<?n-l 




q 2 q 


q n ~\q\ 




q n -\qi 


■ A 


- Pn-l + q\_ x 




q n -\<- 


q n q\ 




q n qi 




q n q n -\ 


A 


~Pn 


-p\+q] 




qxqi 




q\q n -\ 







qiq\ 


A 


-p 2 + q\ •• 




<?2<?n-l 







q n -\q\ 




q n -\qi 


■ A 


- Pn-i + q 2 n ^ 







q n q\ 




q n q2 




q n q n -\ 


A 


~Pn 



+ 



A - p\ + q\ q\q 2 
q 2 qi A - p 2 + q\ 



q\q n ~\ 

<?2<?n-l 



q\q n 

q2q n 



A - Pn-i + q\_ x q n -\q n 

qi%qn~\ 



qn-\q\ qn-\q2 

qnq\ qnq2 

= (A- p n )D n ^ p 2 , ■ ■ ■ , p„-iY, {qu q 2 , • • • , q n -iY,A) 
A-pi+qj 



q\ 



+ q n 



q2q\ 

qn-\q\ 
q\ 



<?1<?2 

A - p 2 + q\ 

q n -\qi 
qi 



qiqn-i 
q2q n -\ 



q\q n 
q2q n 



A - Pn-i + q\_ x q n -\q n 
qn—i qn 



For the second term, multiplying its last row by -q t (i ± ri) and adding to the i th row, 
respectively, we obtain 



A-pi+qj q x q 2 
q 2 qi A - p 2 + q\ 



q\q n -\ 
q2q n -\ 



q\q n 

<?2<?n 



q n -\q\ 


q n -\q2 




q\ 


qi 




A-p\ 











A- p 2 ••• 











A-Pn 


qi 


q 2 


qn-\ 



= q n (A - pi)(A - p 2 ) 



A - Pn-\ + q\_\ q n -\q n 

q>i—i q>i 

o 
o 



-i o 
q n 



(A-p n -i). 
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Hence 



D n ({puPz,-' - ,Pn\;{qi,qi,--- ,q n Y,X) 
= (A - p n )D n -i ({pu p 2 , ■ ■ ■ ,Pn-\};{quqz,--- ,q n -\Y,A) 

+ ql(A - pO(A -p 2 )---(A- p„-i). 



7=1 



We will deduce from (12.41) . by induction, that for n > 2, 

n 

D n ({puP2, ■ ■ ■ ,Pn}',{q\,qi,--- ,q n }\A) = - pi) + ^ q) ]~ [(i ~ Pi) 

For n = 2, 

D 2 {{p\, PiYAqu qiY, A) 



(2.4) 



• (2.5) 



A-pi+ql q x q 2 



qiq 2 A- p 2 + q\ 
= {A- Pl )(A - p 2 ) + q\{A - p 2 ) + qj(A - p x ). 

That is, (12.51) holds for n = 2. We now assume (12.51) holds for n - 1 > 2. Then by (12.41) 
and the induction hypothesis, 

D„({pi,p 2 , ■ ■ ■ ,p„};{qi,q2,--- ,<?«); /I) 
= (A - p„)D n -i ({p u p 2 , ■■■ ,Pn-iYAquq2,--- ,q n -iY,A) 
+ q\{A - pi)(A -p 2 )---(A- Pn-i) 



(n-\ 



- Pn) 



7=1 



[\(A- Pi ) + J] q) \\ {A -pi) 



+ q n (A - pi)(A -p 2 )---(A- p n -i) 



i=l j=l V i*j / 

We have proved that (12.51) holds for n>2. Recall the Veite theorem that for any nx n 
matrix U, 



detOU - U) = Yji-ljo-iiAiU))^. 

i=0 

In particular, if U = diag(pi,p 2 ■ ■ ■ ,p 2 ), 

n n 

[\(A-p i ) = Y J (-l) i o- i (p)A n - i , 

i=l i=0 

here p = (p\,p 2 • • ■ , p„). Using (12.31) and (|2.7I) . (12.51) is written as 

n n ( n \ 

det(i/ - M) = J^i-iyo-iipW"-* + J]q 2 j Y J (-ir 1 o- i ^j(p)A n - i 



(2.6) 



(2.7) 



!=0 



7=1 V ''=1 



(=0 



= £(-iy o-^-^qjo-^.jip) 



7=1 



A" 



here we used standard conventions that cr (p) = 1 and cr-\(p) = 0. Thus, (11.71) follows 
from (|2.6I) . The proof of Proposition 1 1.21 is completed. □ 
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Proof of Lemma lL3\ For any A = diag(ai,a 2 , ■ ' 1 if o» e C 2 (R") is a generalized 
symmetric function with respect to A, that is 



/ 1 n 

to(x) = CO 



l " 

v z ,=1 / 

then 

Djco(x) = to'(s)aiXi, 

Dijto(x) = <jL>'(s)ai8ij + (o"(s)(ciiXi)(ajXj). (2.8) 

Comparing (11.61 ) and (12.81) , letting f3 = -co"(s), p { = to'{s)ai and q { = a,-x,; and substi- 
tuting them into (11.71 ), we have (I1.8I ). □ 

Symmetric solutions. For A = c*I and 2 < < n, 

(l +ar h -) k dt, a > 0, 5 > 0, (2.9) 
satisfies the ordinary differential equation 

k 

o- k (A{D 2 a>)) = (u)'(s)) k + 2s-a)"(s){io'{s)f- 1 = 1, s > 0. (2.10) 

n 

Therefore, (y|x| 2 ) is a solution of (11.11) in R" \ {0}. In order to prove Proposition 
11.41 for every a = (a\, a 2 , • ■ • , a n ) e T + , we denote 

A' k (a) = ciiO-k-i-jia), i = 1,2, • • • ,n. (2.11) 

From the property of cr k , (12.21 ), we have 

n 

Y j Ai(a) = ko- k (a). (2.12) 



Proof of Proposition \1.4\ To better illustrate the idea of the proof , we start with k = 1 . 
For s e (a,fi), 1 < i < n, let x = (0, • • • , 0, 0, • ■ • , 0). We have, using A e Jl u 

n n 

1 = Acj(x) = co'(s) ^ cij + oj"(s) 2^ a)*) = oj'(s) + 2sco"(s)ai. 

7=1 7=1 

Since to" £ in (a,/3), there exists some s e (a,/3) such that to"{s) ^ 0. It follows that 

1 - oj\s) 



at = 



2sto"(s) 



is independent of i. Since A e 1 = 2"=i fl /> So ai = a 2 = • • • = a n = -. Proposition 
II .41 for k = 1 is established. 
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Now we consider the case 2 < k < n. For s e (a,fi), 1 < i < n, let x = 
(0, • • • ,0, tJ^l, 0, • • • ,0), we have, using Lemma [T31 



1 = <r k (A(D 2 a)(x))) 
= <T k (a)(co'{s)) k + a>'X S )(ajX S )) k - l o-^i-,M)(<*jXj) 2 
= (oj'(s)) k + 2W(5)(w , (5))* : ~V (t - 1;i (a)a ; -. 

It is clear from the above that u)'(s) ^ 0, V s e (a,fi). Since co" £ in (a,fi), there 
exists some s e (a,/3) such that u)"(s) ^ 0. It follows that 

A k {a) = cr fc _ 1;; (fl)a i - = — — 

2sco"(s)(ct/(s),r 1 

is independent of i. For 2 < k < n - 1, for any i\, i% e {1,2, • • • , n}, by (12.1 II) and (12.11) . 
we have 



0=A i l(a)-A i ^a) 

— a.:-(Tr, i.:.(a) 

(2.13) 



(a) + ov 

i;in'2 

= - aQo-k-i-hhia). 

Since a, > 0, z = 1, 2, • • • ,n, it follows that (Xk-v^ia) + 0. By the arbitrariness of 
z'i, z 2 , we have a\ = a% = ■ ■ ■ = a n . Using cr fe (a) = 1, we have 

a l= a 2 = --- = a n = (C k y l/k . 

Proposition |1.4| is proved. □ 

Generalized symmetric subsolutions. From Proposition 1 1.41 we see that there is 
no generalized symmetric solutions of (|l.ll) with to"(s) £ in remaining cases. We 
will construct a family of generalized symmetric smooth functions satisfying 

co'(s) > 0, co"(s) < 0, 

and 

(T k (A(D 2 a>)) > 1, and (r m (A(D 2 a>)) > 0, 1 < m < k - 1. 
For A = diag(ai ) e denote a = ia\ ), and consider 

h k (a) := max AUa). (2.14) 

l<i'<n 

Since AJ, (a) = a ; cr„_ 1; ,(a) = cr„(a) for every i, we have /i„(a) = 1. By (12.111) . (12.11) and 
(12.121) . we have, for 1 < k < n - 1, 

A^(a) = diO-k-ijia) < a k {a) = 1, V z, 

and 

nhkifi) > 2_j A l k (a) = kernel) = k. 
10 



We see from the above that 

k 

- < h k (a) < 1, (2.15) 
n 

with " = " holds if and only if AUd) is independent of i, i.e., in view of (12.131) . a\ = 
a 2 = ■ ■ ■ = a„ = c*. For n > 3 and 2 < k < n, in view of (12.151) and h n {a) = 1, we have 

k > 1. (2.16) 



2h k {a) 

By a simple computation, the following ordinary differential equation 

( (co'(s)) k + 2h k (a)sco"(s)(to'(s)) k ~ l = 1, s > 0, 
\co'(s)>0, co"(s)<0 



(2.17) 



has a family of solutions 

a> a (s)=/3 + J_ (l +af^>)j k dt, a > 0, s > 0, (2.18) 
where fi e R and £ > 0. It follows from (12.161) that 

av(s) = + s-s + £ |^1 +ar^j I - ljj? 

= s + /u(a) + 0[s 2 J, as s -> oo, (2.19) 

where 

H(a)=fi-s + £ ^\ + a -\j dt < oo, 

and 



-2 



n - 2 \h k (a) 

We see from (12151) that 6 (£j§, l] if 2 < £ < n - 1, and 6 = 1 if k = n. 

Proposition 2.1. For n > 3 and 2<4<n,Ae Zef to a (x) = a) a (^x T Ax} be given 
in (12.181) . Then co a is a smooth k-convex subsolution of (11.11) in R" \ {0} satisfying 

(o a (x) = ^x T Ax + fi(a) + O (\x\ e(2 - n) ) , as x^oo. (2.20) 

Proof. Obviously, (12.201) follows from (12.191) . By computation, 

co' a (s) = (l +as~^Y > 1, 

<{s) = -^r~ • ■ co' a {s) < 0. (2.21) 

z.n k \a)s s 2h k ( a ) + a 

It is clear from Lemma O (T2TT41) and (127171) that 

ajtUCD 2 !*)) > o-,(a)K) fc + ^(aKK)^ =1, in R" \ {0}. 
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By LemmaO (12.211) and (12.141) . we have, for any 1 < m < k - 1, 

n 

<r m (A(D 2 u)) = o- m (a)(oj' a ) m + ^H)'"" 1 J] o- m - Ui (d)(^if 



= w 
> w 



cr m (a) - 



1 



, , v — » / . ^(flAW 



0"m(«) - — F 



1 a 

2s 



2\ 



$2h k (a) _|_ q, u i°"it-l;/( fl ) 

In order to show cr m (A(D 2 u)) > 0, it suffices to prove, for each 1 < i < n, 

o- m (a)o- k - Ui (a) > cr TO _ 1;i (fl). 
Note that the Newtonian inequalities may be expressed as 

cr k+ i(a) o- k -\{a) < (cr k (a) x2 



(2.22) 



a +i C 



k-\ 



C k 



for 1 < k < n — 1 . Since 



(n - k)k 



it follows that 



C\C\ (*-*+!)(*+ 1) 



o- fc+ i(a) cr fe (a) 



< 1, 



which shows that the Hessian quotient is decreasing with respect to k. So we 

have for any m < k, and each 1 < i < n, 

o- m .j(a)o- k „ Ui (a) > cr m _ Ui (a)o- k .j(a), 

Then by the property (12.11 ), it follows that 

cr m (a)o- k - Ui (a) = (a m;! (a) + fli£r m _ lrf (fl)) <r*-i;/(a) 

> cr m _ 1;! (a) • cnyCa) + cr m _ 1;i (a) • a/OVi;^) 
= o- m _i ;i (a)o- & (a) 

= °~ m-l;iW- 

i.e. (12.221 ) is proved. Hence w a is a smooth ^-convex subsolution of (ll.lt in R"\{0}. □ 



3 Proof of Theorem 1.1 



The following Lemma holds for any invertible and symmetric matrix A, and A is not 
necessarily diagonal or in Jl k , 2 < k < n. 
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Lemma 3.1. Let <p e C 2 (3D). There exists some constant C, depending only on n, 
\\<p\\c 2 (dD)> the upper bound of A, the diameter and the convexity ofD, and the C 2 norm 
of 3D, such that, for every g e 3D, there exists x(£) £ R" satisfying 

|x(£)| < C and < <p on D\ {£}, 

where 

ws(x) : = ip{& + \{{x- mfAix - m) - (f - mfMs - mi) , ^r". 

Proof. Let £ e 3D. By a translation and a rotation, we may assume without loss of 
generality that £ = and <9Z) is locally represented by the graph of 

x„=p(x') = 0(|xf), 

and (p locally has the expansion 

<p(x',p(x')) = <p(0) + <p Xl (0) Xl + ■■■ + <p Xn (0)x n + 0{\x\ 2 ) 

= <p{0) + tp Xl (0) Xl + ■■■ + ^,(0K., + 0(\xf ), 

where x' = (jci, • • • , x„_i). 

Since A is invertible, we can find x = x(t) e R" such that, for appropriate t to fit our 
need later, 

Ax(0 = (-^ 1 (0),---,-^„. 1 (0),O r . 

Let 

w(x) = ^(0) + - ((x - x) r A(x - x) - x T Ax) , x e R n . 

Then 

1 1 " _1 

w(x) = ^(0) + -x T Ax - x T Ax = (f(0) + -x T Ax + ^ ^„(0)x a - tx n . (3.1) 

It follows that 

(w - cp)(x',p(x')) = X -x T Ax - tp(x') + 0(\x'\ 2 ) 
< C(|x'| 2 +p(x') 2 ) -tp(x'), 

where C depends only on the upper bound of A, IMIc 2 (<9D)> and the C 2 norm of 3D. By 
the strict convexity of 3D, there exists some constant 6 > depending only on Z) such 
that 

p(x') > 5|xf, V |x'| < 5. (3.2) 

Clearly, for large t, we have 

(w - (p)(x',p(x')) < 0, V < |x'| < 8. 
The largeness of t depends only on 6, A, IMIc^dD), and the C 2 norm of 3D. 
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On the other hand, by the strict convexity of dD and (13.21) . 

x n >8\ V x e dD \ {(x',p(x')) | \x'\ < 6}. 

It follows from (1311 that 

w(x) < C - £ 3 f, V x e dD \ {(x',p(x')) \ \x'\ < 6}, 

where C depends only on A, diam(D), IMIc2(dD)- By making t large (still under control), 
we have 

w(x) - (p(x) < 0, \/xedD\ {(x',p(x')) \\x'\<8}. 
Lemma [3T| is established. □ 

By an orthogonal transformation and by subtracting a linear function from u, we 
only need to prove Theorem [Tj] for the case that A = diag(ai ) where a* > 

(1 < i < n), b = 0. 

Proof of Theorem 1X71 Without loss of generality, we assume that e D. For s > 0, let 

E{s) := IxeR" | ^x T Ax < si. 



Fix s > such that D c E(s). For a > 0,0 e R, set 

a> a (x) = 0+1 U+at 2 W I dt, 



as in (12. 1 8b . We have by Proposition 12.11 that co a is a smooth ^-convex subsolution of 
(fTTTT) in R" \ {0}, and 



as x — » oo. 

















n - 2 



w b (jc) = ijc r A;c + //(a) + 0(\x\ e(2 ~ n) ) . 

Here 

Ma) =P-s + j_ 
Clearly, fj.(a) is strictly increasing in a, and 

lim n{a) = oo. (3.3) 

a— >oo 

On the other hand, 

w a <# in£(s) \D, Va > 0. (3.4) 

Let 

P := min (w f (x) | £ e dD, jc e E(S) \ £>} , 

& := max iw € (x) | f e 3D, x e E(S) \ Z)} , 

where w^(x) is given by Lemma [3T1 We will fix the value of c* in the proof. First we 
require that c* satisfies c* > b. It follows that 

/z(0) =p-s<p<b <c*. 
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Thus, in view of (13.31) . for every c > c*, there exists a unique a{c) such that 



yu(a(c)) = c. (3.5) 

So cOa( C ) satisfies 

0J a (c)(.x) = ^x T Ax + c + (\x\ 0(2 ~ n) ) , as x -> oo. (3.6) 

Set 

= max (x) | £ 6 <9Z)} . 

It is clear by Lemma [3TT1 that w is a locally Lipschitz function in R" \ D, and vv = (p on 
3D. Since is a smooth convex solution of (II . lb , w is a viscosity subsolution of (11.11) 
in R" \ D. We fix a number s > s, and then choose another number a > such that 

mincoj > maxw. 

dE(s) dE(S) — 

We require that c* also satisfies c* > fi(a). We now fix the value of c*. 
For c > c t , we have a{c) = n~ l {c) > ft~ l (c*) > a, and therefore 

<y„( C ) > > w, on dE(s). (3.7) 

By (T3~4l) . we have _ 

co a(c) </3<w, mE(s)\D. (3.8) 

Now we define, for c > c*, 

_ jmax {w a(c) (x), w(x)] , x e £(5) \ D, 
~ X ~\(o a(c) (x), xeR n \E(s). 

We know from (T3T81) that 

w = w, in \ D, (3.9) 

and in particular 

u = w = cp, ondD. (3.10) 

We know from (13.71) that u = (x> a {c) in a neighborhood of dE(s). Therefore u is locally 
Lipschitz in W \ D. Since both a) a ^ and vv are viscosity subsolutions of (11.11) in R" \ D, 
so is u. 

For c > c*, 

1 r 

m(x) := -x Ax + c 
2 

is a smooth convex solution of (11.11) . By (13.81) . 

ttVic) < fi < b < c* <u, on 3D. 
We also know by (13.61) that 

lim (w a(c) (jc) - u{xj) = 0. 

|;t|— »oo 
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Thus, in view of the comparison principle for smooth ^-convex solutions of (11.11) . (see 
flU), we have 

to a{d) <u, onR"\D. (3.11) 
By (13.71) and the above, we have, for c > c„, 

Wf < u, on 3(E(s) \ D), V £ e 3D. 

By the comparison principle for smooth convex solutions of (ll.lt , we have 

w € < u, in E(s) \D, V £ e 3D. 

Thus 

w<u, in E(s) \ D. 
This, combining with (|3.1 It . implies that 

u < u, in R" \ Z>. 

For any c > c«, let »S C denote the set of v e USC(R" \ D) which are viscosity 
subsolutions of (11.11) in R" \ D satisfying 



and 



v = <p, on 3D, 
u<v<u, in R" \ ZX 



(3.12) 
(3.13) 



(3.14) 



We know that ueS c . Let 

«(*) := sup (v(x) | v e 5,} , xel"\fl. 
By (13 .61) . and the definitions of u and 7i, 

> u(x) = to a(c) (x) = ^A* + c + ( W «™) , as x ^ co. 
and 

1 T 

u(x) < u(x) = —x Ax + c. 

The estimate (1 1 .4-1) follows. 

Next, we prove that u satisfies the boundary condition. It is obvious from (13.101) 
that 

liminf u(x) > \imu(x) = <p(g), V £ e 3D. 

X— >f X— >f 

So we only need to prove that 



lim sup u(x) < (pffl, V £ e d£>. 



Let co^ e C\E{s) \ D) be defined by 

Aw+ = 0, 

CO + c = if, 



in E(s) \ D, 
on 3D, 



to* = max u = s + c, on 3E(s). 

dE(s) 
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It is easy to see that a viscosity subsolution v of (11.11) satisfies Av > in viscosity 
sense. Therefore, for every v e S c , by v < a> + c on d(E(s) \ D), we have 

v < w+ in \ D. 

It follows that 

u < a>* in £(,?) \ D, 

and then 

lim sup u(x) < lim o>*(jc) = V £ e 3D. 

Finally, we prove that w is a viscosity solution of (11.11) . The following ingredients 
for the viscosity adaptation of Perron's method (see lfT4lO are available. 

Lemma 3.2. Let Q c R" be a bounded open set, u e LSC(Q) and v e USC(^) are 
respectively viscosity supersolutions and subsolutions of (11.11) in Q. satisfying u>v on 
dQ. Then u >v in Q. 

Under the assumptions u, v e C°(Q), the lemma was proved in [|25l , based on 
Jensen approximations (see |fT5l ). The proof remains valid under the weaker regularity 
assumptions on u and v. 

Lemma 3.3. Let Q c W be an open set, and let S be a non-empty family of viscosity 
subsolutions (supersolutions) of (11.11) in CI. Set 

u(x) = sup (inf) {v(x) | v e S} , 

and 

u* (u t ) (x) = lim sup (inf) u 

be the upper (lower) semicontinuous envelope of u. Then, if u* < oo (u* > -oo) in £1, 
u* (u*) is a viscosity subsolution (supersolution) of (11.11) in Q. 

Lemma [331 can be proved by standard arguments, see e.g. (S). With these ingre- 
dients, an application of the Perron process, see e.g. Lemma 4.4 in (8]|, gives that 
u € C°(K" \ D) is a viscosity solution of (11.31) . Theorem ll.ll is established. □ 
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